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A new c l a s s  o f  . -xponen t i a l ly  s t a b i l i z i n g  c o n t r o l  laws f o r  J o i n t  l e v e l  c o n t r o l  of r o b o t  arms is i n t r o d u c e d .  
I t  h a s  been r e c e n t l y  r e c o g n i z e d  t h a t  t h e  n o n l i n e a r  dynamics a s s o c i a t e d  w i t h  r o b o t i c  m a n i p u l a t o r s  have cer ta in  
i n h e r e n t  p a s s i v i t y  p r o p e r t i e s .  More s p e c i f i c a l l y .  t h e  d e r i v a t i o n  o f  t h e  r o b o t i c  dynamic e q u a t i o n s  from t h e  
H a m i l t o n ' s  p r i n c i p l e  R ives  r i se  t o  na tura l  Lyapunov f u n c t i o n s  f o r  cont ro l  d e s i g n  based on t o t a l  ene rgy  
c o n s i d e r a t i o n s .  
lema t o  h a n d l e  t h i r d  o r d e r  terms i n  t h e  Lyapunov f u n c t i o n  d e r i v a t i v e s .  c l o s e d  loop  e x p o n e n t i a l  s t a b i l i t y  f o r  
b o t h  t h e  set p o i n t  and t r a c k i n g  c o n t r o l  problem is demons t r a t ed .  The e x p o n e n t i a l  conve rgenze  p r o p e r t y  a l s o  
l e a d s  t o  r o b u s t n e s s  w i t h  r e s p e c t  t o  f r i c t i o n s .  bounded mode l ing  e r r o r s  and  i n s t r u m e n t  noise. In one new d e s i g n ,  
t tre n o n l i n e a r  t e r m s  are decoup led  from r e a l - t i m e  me l su remen t s  which c o m p l e t e l y  removes t h e  r equ i r emen t  f o r  
o n - l i n e  computa t ion  o f  n o n l i n e a r  terms i n  t h e  c o n t r o l l e r  imp lemen ta t ion .  I n  g e n e r a l ,  t h e  new c l a s s  o f  c o n t r o l  
r o b u s t n e s s .  camputa t ion  and converRence p r o p e r t i e s .  Fu r the rmore ,  t h e s e  c o n t r o l  laws have t h e  un ique  f e a t u r e  t h a t  
t h e y  c a n  be a d a p t e d  i n  a v e r y  s i m p l e  f a a h i o n  to a c h i e v e  a s y m p t o t i c a l l y  s t a b l e  a d a p t i v e  c o n t r o l .  
1. I n t r o d u c t t o n  
Through a s l i R h t  m o d i f i c . i t i o n  o f  t h e  e n e r g y  Lyapunov f u n c t i o n  and t h e  u s e  of a c o n v e n i e n t  
,Jaws o f f e r s  a l t e r n a t i v e s  t o  t h e  more c o n v e n t i o n a l  com?uted t o r q u e  method, p r o v i d i n g  t r a d e  o f f a  between 
/ 
-/------- 
The problem o f  j o i n t  l e v e l  c o n t r o l  f o r  t h e  m u l t i - l i n k  rigid a r t i c u l a t e d  r o b o t  ann is a d d r e s s e d  i n  t h i s  paper .  
A c c u r a t e  measurements  o f  t h e  j o i n t  v a r i a b l e s .  e i t h e r  a n g u l a r  or d i s p l a c e m e n t ,  and t h e  j o i n t  v e l o c i t i e s  are  
assumed a v a i l a b l e .  T r a d i t i o n a l l y .  t h i s  p rob lem has  been t r e a t e d  by t h e  PID a l g o r i t h m .  S i n c e  t h e  j u s t i f i c a t i o n  
o f  u s i n g  PID c o n t r o l  is based on e i t h e r  l i n e a r i z a t i o ~  or  some local s t a b i l i t y  argument [ l ] ,  i t s  a p p l i c a t i o n  
i s  l i m i t e d  t o  small a n g l e  maneuvers .  
i n t e r m e d i a t e  p o i n t s  and  PID c o n t r o l  i s  used  t o  d r i v e  t h e  arm between a d j a c e n t  p o i n t s .  T h i s  approach  is less than  
s a t i s f a c t o r y  s i n c e  g l o b a l  s t a b i l i t y  and a d e q u a t e  performance are no t  g u a r a n t e e d .  
computed t o r q u e  method [Z] which compensate8 for  n o n l i n e a r  terms i n  t h e  r o b o t  dynamics.  Assuming t h a t  t h e  r o b o t  
dynamics are k n o m  e x a c t l y ,  t h e  compensated sys t em a p a e a r s  l i k e  a d e c o u p l e d  s y s t e a  o f  d o u b l e  i n t e g r a t o r s  a n d  
t h e  c l o s e d  loop  dynamics can b e  shaped i n t o  d e s i r a b l e  forms.  
La rge  e x c u r s i o n s  u s u a l l y  r e q u i r e  p a r t i t i o n i n g  a d e s i r e d  t r a j e c t o r y  i n t o  
This t h e n  m o t i v a t e s  t h e  
A d i f f e r e n t  approach  has  been advanced i n  t h e  p a s t  few y e a r s ,  It  is based  on t h e  r e c o g n i t i o n  t h a t  r o b o t  arms 
i n v a r i a n t ,  u n c o n s t r a i n e d  and  !ying i n  a c o n s e r v a t i v e  be long  t o  t h e  c l a s s  of n a t u r a l  s y s t e m s ,  which means time 
f o r c e  f i e l d  [ I ] .  I t  is n a t u r a l  t o  i n v e s t i g a t e  i f  t h e  s t r u c t u r e  s p e c i f i c  t o  t h i s  c l a s s  of s y s t e m s  can be 
e x p l o i t e d  i n  c o n t r o l l e r  d e s i g n .  I t  h a s  l o n g  been known 13.4  and e a r l i e r ]  t h a t  n e g a t i v e  p r o p o r t i o n a l  ( g e n e r a l i z e d  
p o s i t i o n )  and d e r i v a t i v e  ( g e n e r a l i z e d  v e l o c i t y ) ,  o r  e q u i v a l e n t l y  PO. f e e d b a c k  g l o b a l l y  a s ~ p r o t l c s l l y  s t a b i l i z e d  
n a t u r a l  sys t ems .  The s t a b i l i t y  a n a l y s i s  is based  on a Lypaunov f u n c t i o n  m o t i v a t e d  by t o t a l  e n e r g y  c o n s i d e r a t i o n s .  
A p p l i c a t i o n  o f  t h i s  r e s u l t  co r o b o t  arms h a s  been r e l a t i v e l y  recent. 
unde r  J o i n t  l e v e l  PD f eedback  w i t h  g r a v i t y  compensat ion h a s  been shown [ S - e ] .  A p p l i c a t i o n  t o  t h e  t r a c k i n g  problem 
is more d i f f i c u l t  due  to t h e  t i m e  v a r y i n g  n a t u r e  of t h e  problem, 
r e q u i r e s  a g e n e r a l i z a t i o n  of t h e  i n v a r i a n c e  p r i n c t p l e  t o  t ime-va ry ing  s y s t e m s ;  t h i s  i s s u e  has been p a r t i a l l y  
a d d r e s s e d  in [9-lo]. 
I n  p a r t i c u l a r ,  g l o b a l  a s y m p t o t i c  s t a b i l i t y  
%ore s p e c i f i c a l l y ,  t h e  s t a b i l i t y  a n a l y s i s  
I n  t h i s  p a p e r ,  we  w i l l  i n t r o d u c e  a new c l a s s  of e x p o n e n t i a l l y  s t a b i l i z i n g  c o n t r o l  laws f o r  b o t h  t h e  set po in t  
The s t a b i l i t y  proof  is  a c h i e v e d  by making u s e  o f  a p a r t i c u l a r  c l a s s  o f  e n e r g y - l i k e  and t r a c k i n g  c o n t r o l  problems.  
Lvapunov f u n c t i o n s  I n  c o n j u n c t i o n  w t t h  J u s e f u l  lemma f o r  a d d r e s s i n ?  t h e  h f g h e r  order t e r m s  I n  t h e  Lvapunov 
f u n c t i o n  d e r i v a t i v e s .  
f i e l d s  are used t o  d e r i v e  c o n t r o l  laws p o s s e s s i n g  d c s i r c d  p r o p e r t i e s .  These  i n c l u d e  set p o i n t  c o n t r o l l e r s  hav ing  
s i m p l e  PD or PDebias  s t r u c t u r e s  and t h e  a b i l i t y  t o  hand le  j o i n t  s t o p  c o n s t r a i n t s .  I n  t h e  t r a c k i n g c o n t r o l  case, 
t h i s  new c l a s s  o f  Lyapunov f u n c - t i o n s  a v o i d s  t h e  need f o r  a g e n e r a l i z e d  i n v a r i a n c e  p r i n c i p l e .  which,  a s  men t ioned  
above,  h a s  been t h e  ma jo r  s o u r c e  o f  d i f f i c u l t y  i n  e x i s t i n g  approaches .  
s t a b i l i z i n ~  t r a c k i n g  c o n t r o l  laws. I n  one  d e s i g n  among th t s :new c l a s s ,  t h e  n o n l i n e a r  tenns are decoup led  from 
r e a l - t i m e  measurements  whl-h c o m p l e t e l y  removes t h e  r equ i r emen t  for  o n - l i n e  computa t ion  on n o n l i n e a r  t e r m s  i n  
t h e  c o n t r o l l e r  imp lemen ta t ion .  T h i s  r e s u l t  i s  b e l i e v e d  t o  have no c o u n t e r p a r t  i n  t h e  p r e s e n t  day  l i t e r a t u r e .  In 
g e n e r a l ,  t h e  new class  o f  c o n t r o l  laws o f f e r s  a l t e r n a t i v e s  t o  t h e  =ore c o n v e n t i o n a l  computed t o r q u e  method.  . 
p r o v i d i n g  t r a d e c f f s  between r o b u s t n e s s ,  computa t ion  and conve rgence  p r o p e r t i e s .  Fu r the rmore .  t h e s e  c o n t r o l  laws 
have t h e  un ique  p r o p e r t v  c h a t  t h e y  can  b e  a d a p t e d  i n  a v e r v  s i m p l e  f a s h i o n  t o  a c h i e v e  a s y m p t o t i c a l l y  s t a b l e  
a d a p t i v e  c o n t r o l .  T h i s  l a s t  p r o p e r t y  w i l l  be  e l a b o r a t e d  on i n  t h e  companion p a p e r  1111. The c l o s e d  l o o p  
e x p o n e n t i a l  s t a b i l i t y  also a l l o w s  t h e  r o b u s t n e s s  p r o p e r t y  t o  be e s t a b l i s h e d  w i t h  r e s p e c t  t o  v i s c o u s  and Coulomb 
f r l c t i o n ,  bounded model ing e r r o r  and i n s t r u m e n t  n o i s e .  
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In t h e  set p o i n t  c o n t r o l  c a s e .  Lyapunov f u n c t i o n s  b a s e d  on v a r i o u s  a r t i f i c i a l  p o t e n t i a l  
T h i s  l e a d s  t o  a new c l a s s  of e x p o n e n t i a l l y  
https://ntrs.nasa.gov/search.jsp?R=19890017191 2020-03-20T02:06:25+00:00Z
Thir paper  i r  organized  as fol1ows: S o w  background d e r i v a t i o n s ,  i d e n t i t i e r ,  n o t a t i o n s ,  lemmas and relevr  
r e s u l t s  i n  t h e  l i t e r a t u r e  are covered i n  Sec. 2. Severa l  u s e f u l  ret p o i n t  c o n t r o l l e r s  bared on d i f f e r e n t  ani- 
f i c i a l  p o t e n t i a l  anergic. are p r e r e n t e d  in See. 3. 
e x p o n e n t i a l  convergence. In See.  4, a nev f u l l y  of  e x p o n e n t i a l l y  s t a b i l i z i n g  t r a c k i n g  c o n t r o l  law. are derive 
We w i l l  d i r c u r a  t h e  t r a d e  o f f  between t h e  eaea  of implementat ion and the r t r e n g t h  of  assumptlona f o r  t h e r e  
c o n t r o l l e r s .  Their robus tnose  p r o p e r t i e s  are a180 analyzed i n  c h i s  s e c t i o n .  F i n a l l y .  conclueions are d r a w  
i n  Sac. 5 t o g e t h e r  w i t h  a t a b l e  sunnar iz ing  a11 of t h e  c o n t r o l l e r r  p r e r e n t e d  i n  t h f r  paper  and t h e  condi t iooa  
f o r  s t a b i l i t y .  Due t o  t h e  s i z e  l i m i t a t i o n  of t h i s  paper .  t h e  d e t a i l  d e r i v a t i o n s  are given  i n  bd . 
2. Background 
2.1 Robot Dynamic Equat ion 
I n  t h i s  s e c t i o n ,  t h e  dynamic equat ion  of  robot  manipula tor  i r  der ived .  
as a complex, t i g h t l y  coupled set  of n o n l i n e a r  equat ions .  However, bared on dOriVAtiOn from Hamil tonian  
p r i n c i p l e ,  t h e  n o n l i n e a r i t y  a c t u a l l y  c o n t a i n 8  a g r e a t  d e a l  of e t r u c t u r e .  
i d e n t i t i e s  are developed in t h e  next  s e c t i o n  on which t h e  rest of  t h e  paper  is baaed. 
A nw Lyapunov f u n c t i o n  ir alao in t roducrd  t o  demonetram 
A t  t h e  f i r s t  glance,  i t  appear8 
As a r e s u l t ,  rome lmpor tan t  
An n- l ink  r i g i d  r o b o t  arm belongs t o  
p o t e n t i a l  e n e r g i e s  g iven  by 
1 
T - T qzT M(4,)qz 
T u - - q2 u + g ( q l )  
where 
T - k i n e t i c  energy  , U - p o t e n t i a l  energy 
q2 - J o i n t  v e l o c i t y  v e c t o r  E R" , M(ql) - 
u - j o i n t  t o r q u e  f o r c e  v e c t o r  E R" 
t h e  c l a r a  o f  
Note t h a t  s i n c e  a l l  t h e  a n a l y s i s  is done a t  j o i n t  
To d e r i v e  t h e  d i f f e r e n t i a l  form of t h e  robot  dynamicr, 
L - T - U  
Then apply t h e  Lagrange 's  Equat icn 
T h i s  g ives  t h e  dynnmtc e q u a t i o n  of robot  motion: 
so-ca l led  n a t u r a l  systems v i t h  t h e  k i n e t i c  a n d  
a n g l e  or  
m a t r i x  E 
(2.1) 
p o s i t i o n  v e c t o r  E R" , 
R~~~ , g(ql )  - g r a v i t a t i o n a l  p o t e n t i a l  energ7 , 
l e v e l ,  t h e  arm can be redundant  (mare than 6 fo in tr ) .  
f i rs t  set up t h e  Lagrangian 
q l l  - ith component ~f - '1 
The term C(q1,q2)q, r e p r e s e n t s  t h e  c o r i o l i s  and c e n t r i f u g a l  f o r c e s  and k ( q l )  r e p r e s e n t s  t h e  p a v l t y  load .  
Note t h a t  C ( q l ,  q2T is determined e n t i r e l y  from t h e  m a s s - i n e i t i a  mat r ix .  
example, i n h e r e n t  p a s s i v i t y ,  wel l -posedness  of s o l u t i o n  (no f i n i t e  escape  under any bounded c o n t r o l ) ,  
e x i s t e n c e  of s o l u t i o n  t o  opt imal  c o n t r o l  problem [1G] 
Other  important  p r o p e r t i e s  of ( 2 . 2 )  inc lude  t h a t  M(ql) and Mi(ql) a r e  symmetric and H(ql)  is p o s i t i v e  
d e f i n i t e ,  f o r  a l l  q1 cRn. 
f u n c t i o n  of two ?-vectors  (41 and 92) and one n-vector  ( q l ) ,  r e s p e c t i v e l y .  
2.2 Some Usefu l  I d e n t i t i e s  
Many d e s i r a b l e  p r o p e r t i e s ,  f o r  
e t c .  a r e  t h e  consequence of t h i s - a d d i t i o n a l  s t r u c t u r e -  
For l a t e r  use,  t h e  m a t r i c e s  C(ql ,q2)  and ;"4(ql) are i n t e r p r e t e d  a s  Rnxn va lued  
Some key i d e n t i t i e s  t h a t  w i l l  be used throughout  t h i s  paper  and t h e  companion paper  [131 a r e  d e r i v e d  










Given a dyIumic.1 r y r t n  
ii - fi(X1 ,..., 'k, t) , xi CR"i ; t 2 0 
Lot f i  'r be l o c a l l y  L i p r c h i t r  v i t h  r r r p e c t  t o  x i , ,  . . ,XN u n i f o d y  in t on boundad i n t a w a l r  and continuourn 
in t for  t 2 0. 
nlx.. .x 
Suppore a f u n c t i o n  V:R x R+ .+ 1+ ir  given much that 
N 
V(Xl I . . .  , 5 9  t) i,J-l x: Pij(Xl'...'Xj' t ) X j  9 
v i o  p o a i t i v e  d e f i n i t e  i n  x19...9)k 
I f  v i f 1,' 
In t h e  above le- 
(Condi t ion (2.20) r e f  





e c t s  t h a t  choice) .  T h i n  choice i r  a r b i t r a r y  
* i J  
i n  f a c t ,  we can e x t r a c t  any q u a d r a t i c  
and overbound t h e  r e s t .  
We do not  pursue t h l s  g e n e r a l i z a t i o n  here .  
L e m a  2-2 
After  completing square s t a b i l i t y  condi t ion  s i m i l a r  t o  (2.22) c a n  be rcaced. 
Suppose i n  Le- 2-1. 
I1 = (1. ..., N) 
xicRni, tcR+ 
Let p = SUP I 
If v i E Il 
t * -  
0 
. - ,+ ) . t )  c y  
V 5 i  
(2) ) ,J E j  where )I = -1 min (ai - 




(2 .27 )  
0 
l x k l I Z  
8 
- , kcIl) is exponent ia l  v i t h  race A .  - t k A  
The u t i l i t y  o f  t h i r  rerult i r  N h l y  i n  roburtaerr e M 1 y r i a .  L a i c a l l y ,  #iron e bouaded r e t  of 
p o r r i b l o  i n i t i a l  condi t ioaa ,  o r c l u d i a ~  e neighborhood o f  tho origin, oi'm  at ba large orrough la tha 
renae o f  (2.25) for th. rrajoctorier t o  be uniformly bamdod. l h r  i f  Vo - 01 Uo CM e h i l t  c - 0 t o  
ION f i n i t e  tip. later when V t  + 0. I n  p r e c t i c e ,  e neighborhood around o r i g i n  can u r u l l y  bo excluded 
rince IOY robur t  l o c a l l y  r t a b l e  c o n t r o l  a l g o r i t h  ruch ar ? I D  takor m r .  
2.b llocent llomultr 
S w  of t h e  r e c e n t  r e r u l t a  r e l a t e d  t o  Lyepunm a n a l y e i r  of robot r y r t . u  ere r w i m d  i n  thir aoct ioa .  
We vi11 
l o r  tho r e t  p o i n t  c o n t r o l  p r o b l r ,  (5-101 ha. appl ied t h e  r o r u l t  that l i n e a r  n r p t i v e  feedback of g e n e r a l i r o d  
p o r i t i o n  and v e l o c f t f e r  g l o b a l l y  Aaymptoticelly r t e b i l i r e r  1 MCUrel ryr tem t o  robot u n i p u l e t o r e .  
K8ILate c h i 1  r e r u l c ,  montion vork  f o r  the  t r a c k i n g  g r o b l r  i n  [9,10,181 end atate  r o u ~ o p o n  i r r u r e  t h t  
w i l l  be  rddrer red  i n  t h e  remainder of t h i r  paper and i n  (131. 
Theorom 2-1 
Conaidor (2.2) wi th  th. control 1.W 
(2.28) 
The n u l l  a t a t e  of (Aql, q2) - r y r t r  ir a g l o b a l l y  e rymptot lca l ly  a t a b l e  e q u i l i b r i m .  
and a t t a i n .  A global  minimum a t  Aql - 0. 
d e r i v a t i v e  feedback t o  d r i v e  t h e  syrtcm to  t h e  minimum p o t e n t i a l  energy s t a t e  which by des ign  ir  the  
d e s i r e d  s t a t e .  
c h i s  p o t e n t i a l  is 
The main idea  of t h i r  approach 15 to  shape the p o t e n t i a l  f i e l d  in  ruch a way that i t  ir  g l o b a l l y  convex 
Complete damping ( i n  t h e  terminology of [ , I )  i r  added through t h f  
To be s p e c i f i c .  supp2se t h e  des i red  p o t e n t i a l  f i e l d  is U*(Aql). The t o t a l  energy under 
( 2 1 9 )  V - T + U *  
Rewrite V A S  
V T + Uo .C U* - Uo - Vo + U* - Uo 
vhere Uo 1s the o r i g i n a l  p o t e n t i a l  energy without  e x t e r n a l  f o r c e  f i e l d s ,  and Vo is the  corroeponding 
tota l  energy. Lot p - M(q1)qz be t h e  genera l ized  momentum. l r o ~  H u i l t o n ' r  equat ion,  
Hence, t o  d r i v e  the  dea i red  t o t a l  energy t o  its minimum State.  w can m h ? C t  ([SI) 
(2.31) 
T 
Then i - - q K q From the  f a c t  t h a t  -24 TK q is uniformly bounded (< 5 3 ) ,  q 2 ( t )  - 0 a r  t .. - 1191. 2 v 2 '  2 v 2  
ar au* 
I - - -  
3q1 Kvq2 - % (2.32) 
3T au* Since - - 0, - - 0, a l s o .  
as t - -- If  U*(Aql) = - Jql kpAql. Theorem 2-1 is i w d i r t e l y  obtained.  
Obviously, any o ther  p o t e n t i a 1 , f i e l d  convex i n  Aql t h a t  ham global  minimum a t  Sql  - 0 (and no l o c a l  
minima) can b e  used. We will use t h i s  idea i n  t h e  next s e c t i o n  t o  addrase t h e  J o i n t  s top  i seue .  
Hence. i f  V*(bql) Ls g l o b a l l y  convex v i t h  minimum a t  Sql - 0. A q , ( t )  * 0 
7q1 '591 
1 T  
2 
T h i s  c o n t r o l  law 11 very .ppealing In its s i m p l i c i t y  and obviour  robur tneer  with r e s p e c t  t o  
modeling error i n  mas matrix, and c e n t r i f u g a l  and c o r i o l i r  Cerma. Genera l iza t ion  to  t h e  t racking  
problem is p a r t i a l l y  addressed i n  [9 ,  lo]. A c o n t r o l  a lgor i thm i r  given in  [9]. bu t  it l a c k s  s t a b i l i t y  
a n a l y s i s .  In [ L O ] ,  Metrosov's Theorem [ll] is used. A quer t ion  remains on c h i  n e c e r s i t y  and 
a p p l i c a b i l i t y  of t h e  Metrosov'a Theorem t o  t h e  t racking  problem. 
ir. S e c t i o n  Cr 10 the  same as i n  [10].but the  s t a b i l i t y  i saue  i a  resolved more completely. 
vers ion  of the t r a c k i n e  c o n t r o l  laws i n  [ l o ,  1.91 do y ie ld  g loba l  asymptotic s t a b i l i t y .  However, t h e  
simple s t r u c t u r e  of (2 .28)  f a  lost; even f o r  s e t  point c o n t r o l .  f u l l  model information is reeded.  
One v e r s i o n  of the cracking  c o n t r o l  lav 
Nonadaptive 
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D a d  on th8 above very b r i 8 f  r e v i w  of the  c u r r 8 n t l y  a v a i b b h  p8r t in8nt  r8rultr. i t  is evid8nt  that tbr 







7 .  
i n  
Can w g8t  away wi th  no g r a v i t y  inforution,  t h u s  rch i8ving  a "univer r r l "  (arm ind8p8ndmt) r 8 C  
p o i n t  control law? 
Computed torqu8 aChi8V80 e::pon8nCi.l r t r b i l i t y .  Arm achmor bared on 8n8rgy Lyapunov func t ionr  
in choorin8 c h .  Lyapunov f u n c t i o n r ?  
Tha t rack ing  p r o b l r  producer a t ime-rarying r y r t a .  
Hw far  can w r8ducr thc on-lina capucrc ion r m q u i r u n t  (chum a l l w  increarins p a r f o r u n e e )  for 
both s8t  poin t  and t r a c k i n g  p r o b l r u ?  Vh.t i o  ch .  p r i c 8  to k p a i d ?  
Can w enrura  any r o b u r t n ~ a a  p r o p a r t i a r  with cerpect to friction, iartrunnt noire, .ode l ing  8rror.1 
Hov doer  on8 fncorpora ta  joint r t o p  conrtrrintr? 
Would rhea8 r c h c u r  ( r e t  poin t  and t rack ing  c o n t r o l r )  r t i l l  work i f  unknoun parameterr  are adapt8d? 
h h . r e I I t l y  i n f 8 r i O C  (8 .8 . .  Only .Omtotic a t a b i l i t y  io  poOribl8) or b V 8  W not b88n c18ver 8nouph 
Can th. Invariance ? r i n c l p l e  r t i l l  k a p p l i 8 d l  
The rest  of t h i s  paper w i l l  b8 devoted t o  a n r w r i n g  irru8r 1-6. Tha Iart itu i r  addr8rr.d 
1131 and (241. 
2.5 Computed Torque f r a  Lyapunov Darspect ive 
I n  Sec t ion  2.6, w int roduced t h e  t o t a l  energy Lyapunov function (2.29) t o  d e r i v e  a simple 8 8 C  p o i n t  
c o n t r o l  law. 
Lyapunov func t ion .  For g e n e r a l i t y .  w vi11 conaid8r  t h e  t racking  care. Let 
The c a p u c e d  torque wchod can also be motivated in t h 8  s a w  manner w i t h  a d i f f r r e n c  
C a l c u l a t e  d e r i v a c i v 8  along s o l u t i o n .  
I f  t h e  computed torque c o n t r o l  is ured 
(2.33) 
then 
From t h e  same l i n e  of reasoning as before ,  the  closed loop system is global ly  asymptot lca l ly  s t a b l e .  
However, we know t h a t  the  c losed  loop syrtern 1s l l n e a r .  therefore  it l a  exponent ia l ly  s t a b l e .  This mean. 
t h a t  ve shmla look f o r  a b e t t e r  Lyapunov func t ion .  An obviour choice  is to  add i n  a crons  term i n  
(2 .33) .  :hen 
where c is small  cons tan t  so t ha t  V is p o s i t i v e  d e f i n i t e .  Take d e r i v a t i v e  and apply (2.36). 
- - CqZT Kv3q2 + cAq2 I KvAql + c j /Aq2112 - cAqlT Kphql - CAqlT Kv2q2 
which shows closed loop expanent ia l  stability. 
Note that  i n  (2 .34) .  in c o n t r a s t  t o  (2 .28) .  even f o r  set point  c a r e .  f u l l  model nonl inear i ty  
c a n c e l l a t i o n  1s needed. ihe approach in t h i s  paper is t o  use the  energy Lyapunov f u n c t i o n  fnicead Of 
(2.33) t o  geners te  cont ro l  l s w s .  U8 vi11  see i n  l a t e r  s e c t i o n s  t h a t  t h i s  a f f o r d s  a much larger  
c las s  o f  
. c o n t r o l ) .  
c o n t r o l s  which c o n t a i n s  much s impler  s t r u c t u r e  in  c e r t a i n  cases  ( e s p e c i a l l y  for  set  p o i n t  
3. New Resul t s  on PD Set Point  Control  
3.1 Simple PD Cont ro ls  
In  t h i s  s e c t i o n ,  we w i l l  explore  u s i n 8  d i f f e r e n t  U* 111 the c o n t r o l l e r  de-lgo.  The following has been suuReated in  ( 5 1 :  
( 3 . 1 )  
If K i. m f f i c i a r t l y  1 .~0 ,  Aql - 0 i a  tba # l o b a l  d n h m  of U(41). lbnco, A a i r p l o r  cootrol la can be u a d :  P 
Y - P 1  - Kvq2 + k(qld) (3.2) 
S u p p o ~  each j o i n t  i a  c o n s t r a i n e d  b e t w e n  J o i n t  stop.: 
( 1 )  < (h) 
q l l  - 9 1 1  -%i 
and rha set p o i n t  i n  i n  tha i n t e r i o r  of tha J o i n t  input.: 
('1 - (W 
'11 ' l l i  l q l i d  i q l i  '11 
Ut the d e r i r d  p o t e n t i a l  f u n c t i o n  be 
n 
U*('P1) 'qiT K '9 + 1 (Hi('q1i*iid) + Li('qli*1id)) 
p 1 1-1 
*re ni ~ ~ r d  Li arm a p p r o p r i a t a  upper  ami lowar b a r r i e r  poteatir l  iuactiow for joint i p3. 
-, :ql - 0 l a  a g l o b a l  oinlrum 01 U*(Gql) [23] . Wm (2.3') 
u - - Kvql - K Aq - H(Aql) L(Aql) + k(q1)  (3.6 1 P 1  
S i m i l a r l y ,  if K 
# l O b d  asymptot ic  s t a b i l i t y :  
is s u f f i c i e n t l y  l a r g e  (K + - (Aql + qId)  > 0). the  f o l l o v i n g  c o n t r o l  law a h 0  achiev.. 
P P 2 4 ,  
u - Kvq2 - K p Q l  - H(M1) L(M1)  + "(qld)  ( 3 . 7 )  
Control laws (3.2), (3.6) and ( 1 . 7 )  s t i l l  r e q u i r e  information OD t h e  g r a v i t y  load.  I t  is i n t e r e r r i n g  t o  
aak i f  t h i s  l a s t  p i e c e  o f  model in format ion  can be removed. This  c a s e  cor reeponds  t o  t h e  d e s i r e d  p o t e n t i a l  
energy 
U*(Aql) - AqlT K Aq + g(Aql+qld) (1 .8  ) P 1  
The corresponding  c o n t r o l  l a w  is 
u - -  K P h l  - K v  Aq2 
From s e c t i o n  2.4, 
- ( a q l )  - KpJql + k(Aql+qld) * 0 
aAql 
Thia implies 
limsw I IAql ( t )  1 1  L Oain(Kp) sup I I k ( q l ) l  I 
t- ql-n 
)k(q ) 
I f  K + 2' 0 Vq c l " .  - Kpk(3ql*qld) l a  a c o n t r a c t i o n  MP In s q l .  Than 3! ql* such  t h a c  P 3q1 1 
Kp(q,*-qld) * k(ql*)  - 0 
l i m  q l ( t )  - q l *  
t -  
Thia r e a u l t  suggee ta  a very simole. robuat  and p r a c t i c a l  c o n t r o l  a c h c w .  The feedback g a i n  K can be c h o s e n  
l a r g e  enough t o  j u s t i f y  the use of PID c o n t r o l  [ I .  ch .  6 of 191 which l a  l o c a l l y  s t a b l e .  
and ~q are composed of t r i g o n o r t r i c  f u n c t i o n s .  t h e r e f o r e .  they a re  unlformly bounded. 
3.2 PD Cont ro l  wi th  Exponent ia l  Convergence Rate 
Typica l ly .  k ( g l )  3k(q l )  
1 
Uee of che I n v a r i a n c e  P r i n c i p l e  i n  S e c t i o n  2.6 only  a h w a  aaymptot ic  s t a b i l i t y .  Some guaranteed race of 
In  S e c t i o n  2 . 5 .  3 Lyapunov f u n c t i o n  wi th  c r o s s  tern has been uaed to show exponent ia l  
convergence is h i g h l y  d e s i r a b l e  not j u s t  f c r  performance reason, but f o r  robuetnera  a n a l y s i s  and a d a p t i v e  
c o n t r o l  also. 
a t a b l l i t y .  T h i s  s u g g e s t s  J s i m i l a r  m o d i f i c a t i o n  here .  The r e s u l t  i a  su-ri led below. 
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0 . 9  ) 
0 . 1 0 )  
Thoorem 3-1 
Given t h e  c o n t r o l  lav (2.31) 
Suppou 1 v * 0 auch that 




W i f y  t h e  total energy Lyapunov func t ion  ( 2 . 2 9 )  t o  
V - T + U* + chqlT p + 7 1 T  cAql KvAql
where c i a  a r u l l  conatant  ao t h a t  V l a  p o a i t i v e  d e f i n i t e  i n  p and ql .  
be conaidered p o a i t i v e  d e f i n i t e  i n  
Without loar of genera l i ty ,  U* can 




J1 = c J  
2 min(Kv) 
1 I .  
1 
'I = - c 1  
J 2  1 
Choose 
- c u  
where V = V I and 
O r -0 
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(3.15) 
(3 .16)  
c - A V  - 
for s o y  1 0. Hence, the closed loop syatem i a  exponentially atable. I 
Given any U* accordin8 t o  (3.11). > 0 and Initial condition, there alvaya rx i s ta  c that satiefiee 
(3.16). Even thou6h c is not needed in 
Therefore, the corresponding closed loop system are exponentially atable. 
he Lplementation, its maximum rllwsble size affecta the 
convergence rate. 
sseumptione of Theorem 3-1. 
The artificial porentials U* 1/2 AqlT KpAql, (3.1) and (3.3) a11 satisfy the 
For th. potential given by ( 3 . 8 )  and Kp large enough (Kp + a91 ak > o),  we can add a conatant t o  U* ao 
that U* is positive definite in 91-4: and (3 .  11) is satisfied for Aql-ql-q;, where q1 solver (3.10). 




4.1 Exponentially Stable AlEOrithar 
(e.8.. arc welding). cracking of a moving target (e .p .  pick and place operatlon from conveyer belt) or 
other hiRh level objectives (e.g., time optimelity, collimion avoidance, arm singularity avoidance, etc. 1. 
This can ba posed aa the problem of tracking the desired positiona and velocities (qld, q2d) by (q1,qz). 
this section, we will extend the basic ideas put forth in Section 3 to the tracking problem. 
equation Is now i n  the form 
Nev Results in Tracking Control 
Frequently a robot is required to follov a preapecified path for continuous action at the end effector 
In 
The error 
Ue will first state several direct generalizations of Theorem 3-1. 
similar t o  (2.33) uoed in Section 2 .5  t o  motivate computed torque is used here. 
Theorem L-1 
An energy type Lyapunov function 
Consider ( 4 . 1 )  with the control law 






and C*(Jq is positive definite in :ql. Then the null state of the (Jq ,jq ) system is  a globally exponentially 1 stable equilibrium. 1 2  
Proof: Use the following Lyapunov function 
( 4 . 4 )  
where c is a small constant. such that V i s  positlve definite i n  J q l  and bq2. 
solution: 
'Take derivative along 
i (:q1.Q2) - Jqz T (M(ql)Aq2 - 1  + 7 s(q19Jqz)q2 + -- 3u* (hl) + c M(ql)Aqz 
3 A q 1  
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From I d e n t i t y  6. 
Completing equare f o r  t h e  c r o e s  term,  
1 
'21 - T nl 
Given J .  choose p 2  < z"l . By Lemma 2-1. for 
an2 
( V o ,  cl a r e  as def ined  from t h e  proof of Theorem 3-1) and V X 2  E ((),al 
2 2 - A21 1 A q 2 1  I 3 2 - all l A q 1 l  I 
< - A V  - 
for  some A > 0 .  Hence, t h e  c losed  loop  system is e x p o n e n t i a l l y  s t a b l e .  
A coarmon Lyapunov func t ion  used f o r  t racking  problem h a s  been 19, 101 
V ( A q l , A q 2 )  - Lq2 H ( q 1 ) A S 2  + U * ( A q l )  1 T  
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I n  t h i s  casa, a ~eneraliration of I n v a r i a n c e  P r i n c i p l e  t o  time-varying care ir  requi red .  
p o s s i b i l i t i e s .  
corpact ( in th. rence d e f i n e d  i n  [21]). 
Ad2 and Aq2 are both  bounded uniformly i n  t (it fo l lows  from V 5 O ) ,  then  Aq2(t) + 0 impl ies  A & ( t )  - 0. 
Note that U*(Aql) does  not depend on time e x p l i c i t l y .  T h i s  restriction e l i m i n a t e s  some of  t h e  
How t o  g e n e r a l i z e  t o  t h e  case of U*(Aql,t) and a U *  (Aql,t) not 
There are tuo 
The result in  [Theorem A.7.6, 211 appears  ptOmfSiflgsbUt w must v e r i f y  that (4.1) is p o s i t i v e  pre-  
A more d i r e c t  r o u t e  !s t o  use [Lema 1, 221 which states t h a t  i f  
c a n d i d a t e s  used in  set  p o i n t  case. 
n e c = s s a r i l y  nega t ive  s e m i d e f i n i t e  i s  c u r r e n t l y  under i n v e r t i g a t i o n .  ar 
Control laws (4.2.-d) a l l  have rame s t a b i l i t y  proper ty  nominally. When 92 is s very  noire measurement, 
as 1s t y p i c a l l y  t h e  cas., (4.212) which o n l y  u s e s  42 once may have b e t t e r  robustness .  
Note t h a t  a l l  t h e  c o n t r o l l e r r  have structures very rimilar t o  c m p u t e r  torque;  i n  f a c t ,  i f  a11 occurrences 
of q2d a r e  rep laced  by 42, then the nonlinear compensation is e x a c t l y  t h e  same as t h e  case of computer to rqur .  
However, i n  t h e i r  p r e s e n t  forms, (4.2.-d) cannot  take  advantage of well known r e c u r s i v e  a l g o r i t h m  f o r  i n v e r s e  
dynamics computat ion (11, 121. 
wi th  t h e r e  Alg0r i th . r .  
T h a r a f o r t ,  we next  present  r l i a h t l y  modified v e r s i o n s  t h a t  can  be implemented 
Corol la ry  4-1 
Consider  (4.1) w i t h  the c o n t r o l  law 
u - - V S 2  + k(ql) - aAql (Aql )  + M(ql)i2d + C(qlSq2d)q2d 
where U*(Aq ) s a t i s f i e r  t h e  same arsumptions as i n  Iheorem 4-1. 1 
I f  
n2 
omin(Kv) ' F 
then t h e  n u l l  s t a t e  of t h e  (Aql,Aq2) system is a g l o b a l l y  exponent ia l ly  s t a b l e  equi l ibr ium.  
C o r o l l r r v  4-2 
Consider  (4.1) w i t h  t h e  c o n t r o l  l a w  
where U*(Aql) s a t i s f i e s  t h e  assumptions a s  in Theorem 4-1. 
K., is s u f f i c i e n t l y  l a r g e ,  then t h e  c losed  loop system is e x p o n e n t i a l l y  s t a b l e  with r e s p e c t  t o  chat  s e t .  
I€ U*(Aql) - 3 Aql K Aql. ( 4 . 7 )  is a c t u a l l y  a modi f ica t ion  of the  computed torque  method with Kp.  
Given a s e t  of poss ib le  i n i t i a l  condi t ions .  i f  
T 
K., r e p l a c i n s  Nql)Kp. N(ql!Kv. 
So f a r  we have generated many c o n t r o l  laws t h a t  a r e  s i m i l a r  t o  computed torque. However, the  ones 
j u s t  r e q u i r i n g  ' 0 .  u > 0 a r e  not  e a s i l y  implementable.and the  e a s i l y  implementable ones  need s t ronger  
c o n d i t i o n s  (&, s u f f i c i e n t l y  l a r g e ) .  
structure: t h e  r e a l  time update  comoutat ions a r e  l i n e a r  and the  o f f - l i n e  computation can Lake 
advantage of e f f i c i e n t  a lgor i thms (e.g.. Newton-Euler type) .  
be l a r g e  enough f o r  a g iven  set of i n i t i a l  condi t ions .  
Theorem 4-2 
The next  c o n t r o l  law t h a t  we s h a l l  present  is of v e r y  appea l ing  
The t rade-off  is t h a t  K v  and v must both 
--
Consider  (4.1) wi th  t h e  c o n t r o l  law 
where U * ( A q l )  s a t i s f i e s  t h e  assumptions as i n  Theorem 6.1. 
and V ,  are s u f f i c t e n c l y  l a r g e .  then t h e  c l o s e d  loop system is exponent ia l ly  s t a b l e  w i t h  r e s p e c t  t o  
t h a t  s e t .  
e s s e n t i a l l y  a g l o i a l  one. 
by s h i f t i n g  the  computat ional  burden t o  o f f l i n e  thus  a l lowing  very high sampling r a t e s  which in turn mans 
high g a i n s  can be t o l e r a t e d .  
4 . 2  Robustness  
Given a s e t  of poss ib le  i n i t i a l  condi t ions ,  if &, 
T v p i c a l l y ,  q ( 0 )  - qZd(0) - 0 and Aql(0) is always w i t h i n  Z R .  Hence Vo is bounded above.and t h e  r e s u l t  is 
This requirement  i s  made e a s i e r  This  scheme r e q u i r e s  both u and K, l a r g e  enough. 
tyapunov a n a l y s i s  provides  a u s e f u l  approach t o  s tudy  t h e  robustness  issue.  Robustness i s  a much abused 
word i n  t h e  l i t e r a t u r e .  Here, we use i n s e n s i t i v e  design t o  mean preserva t ion  of s t a b i l i t y  ( i n  the sense of 
Lagrante)  under s u f f i c i e n t l y  small  p e r t u r b a t i o n s .  
cont inuous ly  with t h e  s i r e  of p e r t u r b a t i o n s .  By robust  des ign  we mean a c o n t r o l l e r  des ign  t h a t  preserves 
s t a b i l i t y  under prescr ibed  s i r e  of p e r t u r b a t i o n s .  In t h i s  s e c t i o n .  we w i l l  examine f r i c t i o n s .  both viscous 
and Coulomb type.  bounded modeling e r r o r  and bounded a c t u a t o r  and sensor  noises .  
Furthermore. t h e  s i r e  of the u l t i m a t e  bound should vary 
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F r i c t i o n  f o r c e r  can b e  a p p r o x i n m t e l y  modeled by  Coulomb f r i c t i o n ,  or d r y  f r i c t i o n ,  and v i r c o u a  f r i c t i o n  
d u e  t o  o i l  l u b r i c a t i o n .  For jo in t  1, t h e  f r i c t i o n a l  force l a  g i v e n  by 
n(ql)A;z - - c (91*92)91  - k(q1)  + U - M(ql)iZd - *gn(q$ - F2q2 
where  F1 and  F2 are d i a g o n a l  matricer w i t h  elementr F l i .  F21, r r r p e c t i v e l y ,  
w i t h  elemencr s g n ( q 2 i ) .  
From [23], the ra t  p o i n t  control ler  l a  b o t h  i n r e n r i t i v e  and robust. 
w i t h  r e s p e c t  t o  f r i c t i o n s .  
sgn (q2)  r e p r e s e n t s  a v e c t o r  
The t r a c k i n g  controllerr are also inrenaitive 
For r o b u a t  d e s i g n  for  A g i v e n  level o f  f r i c t i o n .  omin(KV) and v shou ld  b e  c h o s e n  large 
I 
o l l e r  imp1ementat:on. Model p a r a m e t e r s  k. M, MD can  e l l  be 
A R S U m e  bounded errors a r e  i n c u r r e d  i n  these pa rame te r s .  
O C I O U ~ ~ .  
Next  we c o n a i d e r  model ing error i n  con t  
w r i t t e n  l i n e a r l y  in c o n s t a n t  p a r e m e t e r s .  
C o n t r o l  laws ( 4 . 2 )  are in t h e  fo rm 
u - KvAqZ -  (Aql) + k ( q l )  + K(ql 
aAql 
The a d d i t i o n a l  terms i n  V a r e  
T - (CAql + Aq2) 
wh ich ,  a f t a r  overbounding [23], becomes 
(A1 + A 2 )  
( c 1 1 4 1 / 1  + IIllq211) (hl  + 62 + 6] 114$ + J' llAq2112) 
A f t e r  c o m p l e t i n g  s q u a r e s .  t h e  overbound o v e r  t h e  cxLra t e r m s  l n  V becnmr 
For 11, b 5  s u f f i c i e n t l y  small ,  3 a l ,  a2,n ' 0 such  t h a t  
By Lemma 2 - 2 ,  i f  Vo ' 0 snd 61.65 are small, t h e  sys t em r e m a i n s  Lagrange s t a b l e  and t h e  u l t i m a t e  bound 
v a n i s h e s  as b l ,  6 5  + 0. Hence, t h e  d e s i g n  is i n s e n s i t i v e  w i t h  r e s p e c t  t o  model ing errors. For robus t  
d e s i g n  f o r  a g iven  l e v e l  o f  m o d e l i n g  u n c e r t a i n t i e s ,  g i n ( % )  and  v shou ld  be l a r g e  enough.  
F i n a l l y .  suppose bounded e r rors  E l .  €2  and c3  a r e  i n c u r r e d  in q l ,  92 and u .  r e s p e c t i v e l y .  Control  
laws (Ir .2) a r e  now in t h e  form 
2 Follow t h e  aame s t e p s  as b e f o r e ,  we overbound t h e  e x r r a  t e r m s  i n  8 by w m s  o f  IIAqd1 , 11Aq2)f, Ibq 11 lbq2 112 
and c o n s t a n t  terms. 
noises and  robusc  f o r  a g i v e n  l eve l  o f  n o i s e  i f  umin(Kv) and v are s u f f i c i e n t l y  l a r g e .  
t e c h n i q u e s  a l s o .  For t h e  c a s e  o f  set p o i n t  c o n t r o l  u n d e r  f r i c t i o n .  t h e  i n s e n s i t i v i t y  and r o b u s t n e s s  
p r o p e r t i e s  of t h e  d e s i e n  h e r e  d o  n o t  f o l l o w  d i r e c t l y  f rom the a n a l y s t s .  
Again u s e  Lemma 2-2 t o  conc lude  t h a t  the c o n t r o l l e r  i e  insensit ive t o  bounded kns t rumen t  
As a n  a s i d e .  i t  should be n o t e d  t h a t  similar r e s u l t s  as d e r i v e d  here hold for computed to rque  
T h e r e  a r e  obv ious ly  many more p r a c t i c a l  imp lemen ta t ion  i s s u e s  no t  addres sed  h e r e :  sampling e f f e c t ,  
a c t u a t o r  s a c u r a c i o n ,  j o i n t  and arm f l e x i b l l i t i e s  and i n s t r u m e n t  dynamics.  Thcy a rc  c u r r e n t l y  under 
i n v e s t i g a t i o n  I n  t he  9a3e framework.  
5 .  Summary 
We h a v e  i n t r o d u c e d  a new c lass  o f  e x p o n e n t i a l l y  s t a b i l i z i n g  c o n t r o l  laws for  t h e  J o i n t  l e g e l  c o n t r o l  of 
r o b o t  m a n i p u l a t o r s  (suunnarized i n  T a b l e  i ) .  The s t a b i l i t y  r e s u l t  is ach ieved  by making u s e  of a p a r t i c u l a r  
c l a s s  o f  e n e r g y - l i k e  Lyapunov f u n c t i o n s  (of  t h e  form ( 4 . 4 ) )  Ln c o n j u n c t i o n  w i t h  a u s e f u l  lemma (Lemma 2-1) for 
a d d r e s s l n p ,  h i s h e r  o r d e r  t e r m s  in Lyapunov f u n c t i o n  d e r i v a t i v e s .  T h i s  approach a v o i d s  t h e  need for a g e n e r a l i -  
z a t i o n  o f  t h e  i n v a r i a n c e  p r i n c i p l e  t o  t ime-va ry in8  s y s t e m s ,  wh ich  h a s  been t h e  major s o u r c e  of d i f f i c u l t y  i n  
t h e  p a s t  19,101.  
I n  t h e  set  p o i n t  c o n t r o l  c a s e ,  by i n c o r p o r a t i n e  a r t i f i c i a l  p o t e n t l ~ l  f l e l d s  in t h e  Lyapunov f u n c t i o n ,  we have 
d e r i v e d  a c l a s s  of e x p o n e n t i a l l y  s t a b i l i z i n g .  PD + p o t e n t i a l  s h a p l n g  type of c o n t r o l  laws. S e v e r a l  u s e f u l  
p o t e n t i a l  f i e l d s  have been examined r e s u l t i n g  in s i m p l e  s t r u c t u r e s :  PC and PDcbias.  and t h e  a b i l i t y  ID h a n d l e  
j o i n t  s t o p  c o n s t r a i n t s  w i t h  PD + j o t n t - s t o p - b a r r i e r  c o n t r o l l e r .  
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In t h e  t r a c k i n g  control care, t h e  mod i f i ed  Lyapunov f u n c t i o n  l e a d s  to J new c la r r  o f  e x p o n e n t i a l l y  a r a b l e  
This class  o f  c o n t r o l  laws o f f e r s  a n  r l t e r n r t i v e  to t h e  c o n v e r t i o n e l  computed t o r q u e  method a n d  control  law. 
provide.  t r a d e - o f f s  between on- l ine  computa t ion  (which d i r e c t l y  r e l a t e r  to performance t h r o u g h  maximum u m p l i n f 4  
rate) and  c o n d i t i o n  f o r  r t a b i l l t y .  
real-time m e a r u r m e n t r  which c o m p l e t e l y  removes t h e  r e q u i r e m e n t  f o r  o n - l i n e  n o n l i n e a r  c o m p u t a t i o n .  
below i l l u r t r a t e s  t h e  t r a d e - o f f s  i n  t h e  v a r i o u s  t r a c k i n g  c o n t r o l  laws. 
I n  one  new design.  ( 4 . 8 ) .  t h e  n o n l i n e a r  a t r u c t u r e  is d e c o u p l e d  f r a  t h e  
The c h a r t  
(4.2.) 
(4.2b) 
( 4 . 2 4  
O n - l i n e  1 ('*2d) 
Computat ion I 
Load computed I t o rque  (4.6) ( 4 . 7 )  
I (4.8) 
v,Kv 0 u>o v > o  V A J  
f o r  any l a r g e  enough KV l a r g e  enough l a r g e  enough 
i n i t i a l  ( i n d e p e n d e n t  of f o r  a g i v e n  set  f o r  a c l v e n  set 
c o n d i t i o n  i n i t i a l  c o n d i t i o n  o f  i n i t i a l  of i n i t i a l  
cond i t  i o n s  c o n d i t i o n s  
The framework of Lyapunov s t a b i l i t y  a n a l y s i s  a l s o  allows r o b u s t n e s s  i s s u e s  t o  be d i r e c t l y  addressed.  
S p e C i f i C d l l y ,  i n r e r n l t l v i t y  p r o p e r t y  ( p r e s e r v a t i o n  of  s t a b i l i t y  u n d e r  small p e r t u r b a t i o n )  and  c o n d i t i c a  f o r  
r o b u s t  d e s i g n  ( p r e s e r v a t i o n  o f  s t a b i l i t y  unde r  a s p e c i f i e d  amount of p e r t u r b a t i o n )  f c r  t h i s  new c l a s s  2 f  
c o n t r o l l e r s  have been d e r i v e d  w i t h  r e s p e c t  t o  v i scous  and Coulomb f r i c t i o n .  mode l ing  error  and bounded 
i n s t r u m e n t  noise. 
a v e n u e s  f o r  f u t u r e  r e s e a r c h .  
v a r y i n g  a r t i f i c i a l  p o t e n t i a l  f i e l d s  i n  t h e  t r a c k i n g  Froblem an; t h e  generallzatlon of t h e  exponent ia1:r  
s t a b i l i z i n q  j o i n t - l e v e l  c o n t r o l  laws tc t h e  task space.  
The new s t a b i l i t y  a n s l y s i s  and  c o n t r o l ! e r  des ign  t e q h n i q u r s  p r e s e n t e d  in t h i s  p a p e r  open  up many :romisinR 
In p a r t i c u l a r ,  our  c u r r e n t  r e s e a r c h  d i r e c t  ions i n c l u d e :  ways t o  1ncorpo :~ te  t i m e -  
Ac knowledeemenc 
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